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Let *X* be a real Banach space with its topological dual $\documentclass[12pt]{minimal}
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                \begin{document}$X^{*}$\end{document}$, and *C* be a nonempty closed convex subset of *X*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$T:C\to X$\end{document}$ be a nonlinear mapping on *C*. We denote by $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{Fix}(T)$\end{document}$ the set of fixed points of *T* and by **R** the set of all real numbers. A mapping $\documentclass[12pt]{minimal}
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                \begin{document}$T:C\to X$\end{document}$ is called *L*-Lipschitz continuous if there exists a constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert Tx-Ty \Vert \leq L \Vert x-y \Vert ,\quad\forall x,y\in C. $$\end{document}$$ In particular, if $\documentclass[12pt]{minimal}
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                \begin{document}$L=1$\end{document}$ then *T* is called a nonexpansive mapping; if $\documentclass[12pt]{minimal}
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                \begin{document}$L\in[0,1)$\end{document}$ then *T* is called a contraction.
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                \begin{document}$$ J(x):=\bigl\{ \varphi\in X^{*}:\langle x,\varphi\rangle= \Vert x \Vert ^{2}= \Vert \varphi \Vert ^{2}\bigr\} ,\quad \forall x\in X, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\langle\cdot,\cdot\rangle$\end{document}$ denotes the generalized duality pairing; see, e.g., \[[@CR1]\] for further details.
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                \begin{document}$U:=\{x\in X: \Vert x \Vert =1\}$\end{document}$ be the unit sphere of *X*. Then the space *X* is said to have a Gâteaux differentiable norm if the limit $\documentclass[12pt]{minimal}
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                \begin{document}$\lim_{t\to0^{+}}( \Vert x+ty \Vert - \Vert x \Vert )/t$\end{document}$ exists for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x,y\in U$\end{document}$.have a uniformly Gâteaux differentiable norm if the limit is attained uniformly for $\documentclass[12pt]{minimal}
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                \begin{document}$x\in U$\end{document}$.be strictly convex if and only if for $\documentclass[12pt]{minimal}
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                \begin{document}$$\bigl\Vert (1-\lambda)x+\lambda y \bigr\Vert < 1,\quad \forall\lambda\in(0,1). $$\end{document}$$ We note that if *X* is smooth, then the normalized duality mapping is single-valued; and if the norm of *X* is uniformly Gâteaux differentiable, then the normalized duality mapping is norm to weak star uniformly continuous on every bounded subset of *X* (see \[[@CR1]\]). In the sequel, we shall denote by *j* the single-valued normalized duality mapping.

Let *X* be a smooth Banach space. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\lambda,\mu$\end{document}$ be two positive real numbers. The general system of variational inequalities (GSVI, for short) is to find $\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} \langle\lambda Ay^{*}+x^{*}-y^{*},j(x-x^{*})\rangle\geq0,& \forall x\in C,\\ \langle\mu Bx^{*}+y^{*}-x^{*},j(x-y^{*})\rangle\geq0,&\forall x\in C. \end{cases} $$\end{document}$$

The equivalence between GSVI ([2](#Equ2){ref-type=""}) and the fixed point problem of some nonexpansive mapping defined on a Banach space is established in Yao et al. \[[@CR2]\]. The authors \[[@CR2]\] introduced and analyzed implicit and explicit iterative algorithms for solving GSVI ([2](#Equ2){ref-type=""}) by using this equivalence, and they proved the strong convergence of the sequences generated by the proposed algorithms. Subsequently, Ceng et al. \[[@CR3]\] proposed and analyzed an implicit algorithm of Mann's type and another explicit algorithm of Mann's type for solving GSVI ([2](#Equ2){ref-type=""}).

If *X* is a real Hilbert space, then GSVI ([2](#Equ2){ref-type=""}) was introduced and studied by Ceng et al. \[[@CR4]\]. In this case, for $\documentclass[12pt]{minimal}
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                \begin{document}$A=B$\end{document}$, it was considered by Verma \[[@CR5]\] (see also \[[@CR6]\]). Further, in this case, when $\documentclass[12pt]{minimal}
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                \begin{document}$x^{*}=y^{*}$\end{document}$, problem ([2](#Equ2){ref-type=""}) reduces to the following classical variational inequality (in short, VI) of finding $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\langle Ax^{*},x-x^{*}\bigr\rangle \geq0,\quad\forall x\in C. $$\end{document}$$

This problem is a fundamental problem in the variational analysis, in particular, in the optimization theory and mechanics; see, e.g., \[[@CR7]--[@CR12]\] and the references therein. A large number of algorithms for solving this problem are essentially projection algorithms that employ projections onto the feasible set *C* of the VI, or onto some related set, so as to iteratively reach a solution. In particular, Korpelevich \[[@CR13]\] proposed extragradient method for solving the VI in the Euclidean space. This method further has been improved by several researchers; see, e.g., \[[@CR4], [@CR14], [@CR15]\] and the references therein.

In the case of a Banach space setting, that is, if $\documentclass[12pt]{minimal}
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                \begin{document}$x^{*}=y^{*}$\end{document}$, the VI is defined as $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\langle Ax^{*},j\bigl(x-x^{*}\bigr)\bigr\rangle \geq0,\quad\forall x\in C. $$\end{document}$$ Aoyama et al. \[[@CR16]\] proposed an iterative scheme to find the approximate solution of ([4](#Equ4){ref-type=""}) and proved the weak convergence of the sequences generated by the proposed scheme. It is also well known \[[@CR16]\] that, in a smooth Banach space, this problem is equivalent to a fixed-point equation, containing a sunny nonexpansive retraction from any point of the space onto the feasible set, which is usually assumed to be closed and convex. For the complexity of the feasible set, the sunny nonexpansive retraction is difficult to compute. To overcome this drawback in a Hilbert space, where the retraction is a metric projection, in Yamada \[[@CR17]\], the feasible set is assumed to be the common fixed points of a finite family of nonexpansive mappings, and an explicit hybrid steepest-descent method is introduced. In this case, the variational inequality defined on such a feasible set is also called a hierarchical variational inequality (in short, HVI). Yamada's method is then extended to solve more complex problems involving finite or infinite nonexpansive mappings (one can refer to, e.g., \[[@CR18], [@CR19]\] and the references therein). Zeng and Yao \[[@CR19]\] introduced an implicit method that converges weakly to a solution of a variational inequality, containing a Lipschitz continuous and strongly monotone mapping in a Hilbert space *H*, where the feasible set is the common fixed points of a finite family of nonexpansive mappings on *H*. Ceng et al. \[[@CR20]\] extended this result from nonexpansive mappings to Lipschitz pseudocontractive mappings and strictly pseudocontractive mappings on *H*. Recently, Buong and Anh \[[@CR21]\] modified Yamada's result and proposed a strongly convergent implicit method.

In this paper, we are going to solve the hierarchical variational inequality with the constraint of a general system of variational inequalities in a uniformly convex and 2-uniformly smooth Banach space. We introduce implicit and explicit iterative algorithms for finding a solution of the problem and derive the strong convergence of the proposed algorithms to a unique solution of the problem. Our results improve and extend the corresponding results announced by some others, e.g., Ceng et al. \[[@CR3]\] and Buong and Phuong \[[@CR18]\].

Preliminaries {#Sec2}
=============

Let *X* be a real Banach space with the dual space $\documentclass[12pt]{minimal}
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                \begin{document}$\| \cdot\|$\end{document}$. Let *X* be a nonempty closed convex subset of a real Banach space *X*. We write $\documentclass[12pt]{minimal}
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                \begin{document}$$J(x)=\bigl\{ \varphi\in X^{*}:\langle x,\varphi\rangle= \Vert \varphi \Vert ^{2}\mbox{ and } \Vert \varphi \Vert = \Vert x \Vert \bigr\} , $$\end{document}$$ is called the normalized duality mapping of *X*. We know that $\documentclass[12pt]{minimal}
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Proposition 1 {#FPar1}
-------------

\[[@CR22]\]

*Let* *X* *be a smooth and uniformly convex Banach space*, *and let* $\documentclass[12pt]{minimal}
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                \begin{document}$q>2$\end{document}$. So, in this paper, we focus on only a 2-uniformly smooth Banach space as in \[[@CR2]\].
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*Let* *q* *be a given real number with* $\documentclass[12pt]{minimal}
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Let *D* be a subset of *C*, and let Π be a mapping of *C* into *D*. Then Π is said to be sunny if $$\documentclass[12pt]{minimal}
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                \begin{document}$R(\Pi)$\end{document}$ is the range of Π. A subset *D* of *C* is called a sunny nonexpansive retract of *C* if there exists a sunny nonexpansive retraction from *C* onto *D*.

Lemma 2 {#FPar3}
-------

\[[@CR26]\]

*Let* *C* *be a nonempty closed convex subset of a smooth Banach space* *X*, *D* *be a nonempty subset of* *C* *and* Π *be a retraction of* *C* *onto* *D*. *Then the following are equivalent*: (i)Π *is sunny and nonexpansive*;(ii)$\documentclass[12pt]{minimal}
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It is well known that if *X* is a Hilbert space, then a sunny nonexpansive retraction $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar4}
-------

\[[@CR2]\]

*Let* *C* *be a nonempty closed convex subset of a real* 2-*uniformly smooth Banach space* *X*. *Let* $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname {GSVI}(C,A,B)$\end{document}$ *is the set of fixed points of the mapping* $\documentclass[12pt]{minimal}
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Proposition 2 {#FPar5}
-------------

\[[@CR27]\]

*Let* *C* *be a nonempty closed convex subset of a real* 2-*uniformly smooth Banach space* *X*. *Let the mappings* $\documentclass[12pt]{minimal}
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                \begin{document}$A,B:C\to X$\end{document}$ *be* *α*-*inverse*-*strongly accretive and* *β*-*inverse*-*strongly accretive*, *respectively*. *Then* $$\documentclass[12pt]{minimal}
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                \begin{document}$I-\mu B$\end{document}$ *are nonexpansive*.

Lemma 4 {#FPar6}
-------

\[[@CR2]\]

*Let* *C* *be a nonempty closed convex subset of a real* 2-*uniformly smooth Banach space* *X*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$\Pi_{C}$\end{document}$ *be a sunny nonexpansive retraction from* *X* *onto* *C*. *Let the mappings* $\documentclass[12pt]{minimal}
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                \begin{document}$A,B:C\to X$\end{document}$ *be* *α*-*inverse*-*strongly accretive and* *β*-*inverse*-*strongly accretive*, *respectively*. *Let the mapping* $\documentclass[12pt]{minimal}
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Let *C* be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach space *X*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$A,B:C\to X$\end{document}$ be *α*-inverse-strongly accretive and *β*-inverse-strongly accretive, respectively. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\mu\in(0,\frac{\beta}{\kappa^{2}})$\end{document}$, where *κ* is the 2-uniformly smooth constant of *X* (see Lemma [2](#FPar3){ref-type="sec"}). Very recently, in order to solve GSVI ([2](#Equ2){ref-type=""}), Ceng et al. \[[@CR3]\] introduced an implicit algorithm of Mann's type.

Algorithm 1 {#FPar7}
-----------

\[[@CR3]\]
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                \begin{document}$$W_{t}=t\Pi_{C}(I-\lambda A)\Pi_{C}(I-\mu B)+(1-t)\Pi_{C}(I-\theta_{t}F)\Pi _{C}(I-\lambda A)\Pi_{C}(I-\mu B). $$\end{document}$$

It was proven in \[[@CR3]\] that the net $\documentclass[12pt]{minimal}
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                \begin{document}$\lim_{t\to0^{+}}\theta_{t}=0$\end{document}$. In the meantime, the authors \[[@CR3]\] also proposed another explicit algorithm of Mann's type.

Algorithm 2 {#FPar8}
-----------

\[[@CR3]\]
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On the other hand, a mapping *F* with domain $\documentclass[12pt]{minimal}
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We will make use of the following well-known results.
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Lemma 7 {#FPar13}
-------
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*Let* *C* *be a nonempty closed convex subset of a real smooth Banach space* *X*. *Assume that the mapping* $\documentclass[12pt]{minimal}
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Lemma 8 {#FPar14}
-------
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*Let* *X* *be a real smooth Banach space and* $\documentclass[12pt]{minimal}
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Iterative algorithms and convergence criteria {#Sec3}
=============================================

In this section, we study iterative methods for computing approximate solutions of the HVI (for an infinite family of nonexpansive mappings) with a GSVI constraint. We introduce implicit and explicit iterative algorithms for solving such a problem. We show the strong convergence theorems for the sequences generated by the proposed algorithms.

The following lemmas will be used to prove our main results in the sequel.

Lemma 9 {#FPar15}
-------

\[[@CR18]\]

*Let* *C* *be a nonempty closed convex subset of a strictly convex Banach space* *X*, *and let* $\documentclass[12pt]{minimal}
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Lemma 10 {#FPar16}
--------

\[[@CR18]\]

*Let* *C* *be a nonempty closed convex subset of a Banach space* *X*, *and let* $\documentclass[12pt]{minimal}
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Remark 1 {#FPar17}
--------
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Lemma 11 {#FPar18}
--------

\[[@CR18]\]

*Let* *C* *be a nonempty closed convex subset of a strictly convex Banach space* *X*, *and let* $\documentclass[12pt]{minimal}
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Lemma 12 {#FPar19}
--------
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Lemma 13 {#FPar20}
--------
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Now, we are in a position to prove the following main results.

Theorem 5 {#FPar21}
---------

*Let* *C* *be a nonempty closed convex subset of a uniformly convex and* 2-*uniformly smooth Banach space* *X*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Pi_{C}$\end{document}$ *be a sunny nonexpansive retraction from* *X* *onto* *C*. *Let the mappings* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A,B:C\to X$\end{document}$ *be* *α*-*inverse*-*strongly accretive and* *β*-*inverse*-*strongly accretive*, *respectively*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F:C\to X$\end{document}$ *be* *δ*-*strongly accretive and* *ζ*-*strictly pseudocontractive with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta+\zeta>1$\end{document}$. *Assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda\in(0,\frac {\alpha}{\kappa^{2}})$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu\in(0,\frac{\beta}{\kappa^{2}})$\end{document}$ *where* *κ* *is the* 2-*uniformly smooth constant of* *X*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{T_{i}\} ^{\infty}_{i=1}$\end{document}$ *be an infinite family of nonexpansive self*-*mappings on* *C* *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathcal{F}}:=\bigcap^{\infty}_{i=1}\operatorname{Fix}(T_{i})\cap\operatorname{GSVI}(C,A,B)\neq\emptyset $\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{V_{k}\} ^{\infty}_{k=1}$\end{document}$ *be defined by* ([15](#Equ15){ref-type=""}) *and* ([16](#Equ16){ref-type=""}). *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{x_{k}\} ^{\infty}_{k=1}$\end{document}$ *be defined by* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x_{k} =& \gamma_{k}\Pi_{C}(I- \lambda_{k}F)\Pi_{C}(I-\lambda A)\Pi_{C}(I-\mu B)V_{k}x_{k} \\ &{} +(1-\gamma_{k})\Pi_{C}(I-\lambda A) \Pi_{C}(I-\mu B)V_{k}x_{k},\quad \forall k\geq1, \end{aligned}$$ \end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\gamma_{k}\}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\lambda_{k}\}$\end{document}$ *are sequences in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,1]$\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma_{k}\to0$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda_{k}\to0$\end{document}$ *as* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\to\infty$\end{document}$. *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{x_{k}\}^{\infty}_{k=1}$\end{document}$ *converges strongly to a unique solution* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{*}\in {\mathcal{F}}$\end{document}$ *to the following VI*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\langle F\bigl(x^{*}\bigr),j\bigl(x-x^{*}\bigr)\bigr\rangle \geq0, \quad\forall x\in{\mathcal{F}}. $$\end{document}$$

Proof {#FPar22}
-----

Let the mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G:C\to C$\end{document}$ be defined as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G:=\Pi_{C}(I-\lambda A)\Pi _{C}(I-\mu B)$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\lambda<\frac{\alpha}{\kappa^{2}}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0<\mu<\frac {\beta}{\kappa^{2}}$\end{document}$. In terms of Lemma [4](#FPar6){ref-type="sec"} we know that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G:C\to C$\end{document}$ is nonexpansive. Then the implicit iterative scheme can be rewritten as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x_{k}=\gamma_{k}\Pi_{C}(I- \lambda_{k}F)GV_{k}x_{k}+(1-\gamma_{k})GV_{k}x_{k}, \quad \forall k\geq1. $$\end{document}$$ Consider the mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$U_{k}x=\gamma_{k}\Pi_{C}(I-\lambda_{k}F)GV_{k}x+(1-\gamma _{k})GV_{k}x,\forall x\in C$\end{document}$. From Lemmas [4](#FPar6){ref-type="sec"} and [8](#FPar14){ref-type="sec"}(c), it follows that for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x,y\in C$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Vert U_{k}x-U_{k}y \Vert =& \bigl\Vert \gamma_{k}\bigl(\Pi_{C}(I-\lambda_{k}F)GV_{k}x- \Pi_{C}(I-\lambda_{k}F)GV_{k}y\bigr)\\ &{}+(1- \gamma_{k}) (GV_{k}x-GV_{k}y) \bigr\Vert \\ \leq& \gamma_{k} \bigl\Vert (I-\lambda_{k}F)GV_{k}x-(I- \lambda_{k}F)GV_{k}y \bigr\Vert +(1-\gamma _{k}) \Vert GV_{k}x-GV_{k}y \Vert \\ \leq& \gamma_{k}(1-\lambda_{k}\tau) \Vert GV_{k}x-GV_{k}y \Vert +(1-\gamma_{k}) \Vert GV_{k}x-GV_{k}y \Vert \\ =& (1-\gamma_{k}\lambda_{k}\tau) \Vert GV_{k}x-GV_{k}y \Vert \\ \leq& (1-\gamma_{k}\lambda_{k}\tau) \Vert x-y \Vert , \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tau=1-\sqrt{\frac{1-\delta}{\zeta}}\in(0,1)$\end{document}$ (by using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta +\zeta>1$\end{document}$). Due to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma_{k}\lambda_{k}\tau\in(0,1)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$U_{k}$\end{document}$ is a contraction of *C* into itself. Hence, by Banach's contraction principle, there exists a unique element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{k}\in C$\end{document}$ satisfying ([20](#Equ20){ref-type=""}).

Next, we divide the rest of the proof into several steps.
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Proof {#FPar24}
-----
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                \begin{document} $$\begin{aligned} \Vert y_{k+1}-y_{k} \Vert =& \Vert GV_{k+1}x_{k+1}-GV_{k}x_{k} \Vert \\ \leq& \Vert V_{k+1}x_{k+1}-V_{k}x_{k} \Vert \\ \leq& \Vert V_{k+1}x_{k+1}-V_{k+1}x_{k} \Vert + \Vert V_{k+1}x_{k}-V_{k}x_{k} \Vert \\ \leq& \Vert x_{k+1}-x_{k} \Vert + \bigl\Vert V_{k}T^{k+1}x_{k}-V_{k}x_{k} \bigr\Vert \\ \leq& \Vert x_{k+1}-x_{k} \Vert + \bigl\Vert T^{k+1}x_{k}-x_{k} \bigr\Vert \\ =& \Vert x_{k+1}-x_{k} \Vert +\alpha_{k+1} \Vert x_{k}-T_{k+1}x_{k} \Vert . \end{aligned}$$ \end{document}$$ Set $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl\Vert \Pi_{C}(I-\lambda_{k+1}F)y_{k+1}- \Pi_{C}(I-\lambda_{k}F)y_{k} \bigr\Vert \\ &\quad\leq \bigl\Vert (I-\lambda_{k+1}F)y_{k+1}-(I- \lambda_{k}F)y_{k} \bigr\Vert \\ &\quad= \bigl\Vert y_{k+1}-y_{k}-\lambda_{k+1}F(y_{k+1})+ \lambda_{k}F(y_{k}) \bigr\Vert \\ &\quad\leq \Vert y_{k+1}-y_{k} \Vert + \lambda_{k+1} \bigl\Vert F(y_{k+1}) \bigr\Vert + \lambda_{k} \bigl\Vert F(y_{k}) \bigr\Vert \\ &\quad\leq \Vert x_{k+1}-x_{k} \Vert + \lambda_{k+1} \bigl\Vert F(y_{k+1}) \bigr\Vert + \lambda_{k} \bigl\Vert F(y_{k}) \bigr\Vert + \alpha_{k+1} \Vert x_{k}-T_{k+1}x_{k} \Vert . \end{aligned}$$ \end{document}$$ Hence $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \Vert w_{k+1}-w_{k} \Vert \\ &\quad= \biggl\Vert \frac{\gamma_{k+1}y_{k+1}+(1-\beta_{k+1}-\gamma_{k+1})\Pi_{C}(I-\lambda_{k+1}F)y_{k+1}}{1-\beta_{k+1}} \\ &\qquad {}-\frac{\gamma_{k}y_{k}+(1-\beta_{k}-\gamma_{k})\Pi_{C}(I-\lambda _{k}F)y_{k}}{1-\beta_{k}} \biggr\Vert \\ &\quad\leq \biggl\Vert \frac{\gamma_{k+1}}{1-\beta_{k+1}}y_{k+1}- \frac{\gamma _{k}}{1-\beta_{k}}y_{k} \biggr\Vert \\ &\qquad{} + \biggl\Vert \frac{(1-\beta_{k+1}-\gamma_{k+1})}{1-\beta_{k+1}}\Pi_{C}(I- \lambda_{k+1}F)y_{k+1}-\frac{(1-\beta_{k}-\gamma_{k})}{1-\beta_{k}}\Pi_{C}(I- \lambda_{k}F)y_{k} \biggr\Vert \\ &\quad\leq \biggl\vert \frac{\gamma_{k+1}}{1-\beta_{k+1}}-\frac{\gamma_{k}}{1-\beta _{k}} \biggr\vert \Vert y_{k+1} \Vert +\frac{\gamma_{k}}{1-\beta_{k}}| \Vert y_{k+1}-y_{k} \Vert \\ &\qquad{} + \biggl\vert \frac{(1-\beta_{k+1}-\gamma_{k+1})}{1-\beta_{k+1}}-\frac {(1-\beta_{k}-\gamma_{k})}{1-\beta_{k}} \biggr\vert \bigl\Vert \Pi_{C}(I-\lambda_{k+1}F)y_{k+1} \bigr\Vert \\ &\qquad{}+\frac{(1-\beta_{k}-\gamma_{k})}{1-\beta_{k}} \bigl\Vert \Pi_{C}(I-\lambda _{k+1}F)y_{k+1}-\Pi_{C}(I-\lambda_{k}F)y_{k} \bigr\Vert \\ &\quad\leq \biggl\vert \frac{\gamma_{k+1}}{1-\beta_{k+1}}-\frac{\gamma_{k}}{1-\beta _{k}} \biggr\vert \bigl( \Vert y_{k+1} \Vert + \bigl\Vert \Pi_{C}(I- \lambda_{k+1}F)y_{k+1} \bigr\Vert \bigr) \\ &\qquad{} +\frac{\gamma_{k}}{1-\beta_{k}}|\bigl( \Vert x_{k+1}-x_{k} \Vert +\alpha_{k+1} \Vert x_{k}-T_{k+1}x_{k} \Vert \bigr) \\ &\qquad{} +\frac{(1-\beta_{k}-\gamma_{k})}{1-\beta_{k}}\bigl( \Vert x_{k+1}-x_{k} \Vert +\lambda_{k+1} \bigl\Vert F(y_{k+1}) \bigr\Vert + \lambda_{k} \bigl\Vert F(y_{k}) \bigr\Vert + \alpha_{k+1} \Vert x_{k}-T_{k+1}x_{k} \Vert \bigr) \\ &\quad\leq \biggl\vert \frac{\gamma_{k+1}}{1-\beta_{k+1}}-\frac{\gamma_{k}}{1-\beta _{k}} \biggr\vert \bigl( \Vert y_{k+1} \Vert + \bigl\Vert \Pi_{C}(I- \lambda_{k+1}F)y_{k+1} \bigr\Vert \bigr) \\ &\qquad{} + \Vert x_{k+1}-x_{k} \Vert + \lambda_{k+1} \bigl\Vert F(y_{k+1}) \bigr\Vert + \lambda_{k} \bigl\Vert F(y_{k}) \bigr\Vert + \alpha_{k+1}\bigl( \Vert x_{k} \Vert + \Vert T_{k+1}x_{k} \Vert \bigr). \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert x_{k+1}-p \Vert ^{2} \leq{}&\beta_{k} \Vert x_{k}-p \Vert ^{2}+ \gamma_{k} \Vert GV_{k}x_{k}-p \Vert ^{2}+(1-\beta_{k}-\gamma _{k}) \bigl\Vert \Pi_{C}(I-\lambda_{k}F)GV_{k}x_{k}-p \bigr\Vert ^{2} \\ \leq{}&\beta_{k} \Vert x_{k}-p \Vert ^{2}+ \gamma_{k} \Vert GV_{k}x_{k}-p \Vert ^{2} \\ &{}+(1-\beta_{k}-\gamma_{k}) \bigl\Vert (I- \lambda_{k}F)GV_{k}x_{k}-(I-\lambda_{k}F)p- \lambda_{k}F(p) \bigr\Vert ^{2} \\ \leq{}&\beta_{k} \Vert x_{k}-p \Vert ^{2}+ \gamma_{k} \Vert GV_{k}x_{k}-p \Vert ^{2} \\ &{}+(1-\beta_{k}-\gamma_{k})\bigl[(1- \lambda_{k}\tau) \Vert GV_{k}x_{k}-p \Vert + \lambda_{k}F(p)\|\bigr]^{2} \\ \leq{}&\beta_{k} \Vert x_{k}-p \Vert ^{2}+ \gamma_{k} \Vert GV_{k}x_{k}-p \Vert ^{2} \\ &{}+(1-\beta_{k}-\gamma_{k})\bigl[(1- \lambda_{k}\tau) \Vert GV_{k}x_{k}-p \Vert ^{2}+\lambda _{k}\tau^{-1} \bigl\Vert F(p) \bigr\Vert ^{2}\bigr] \\ \leq{}&\beta_{k} \Vert x_{k}-p \Vert ^{2}+ \gamma_{k} \Vert GV_{k}x_{k}-p \Vert ^{2} \\ &{}+(1-\beta_{k}-\gamma_{k}) \Vert GV_{k}x_{k}-p \Vert ^{2}+\lambda_{k} \tau^{-1} \bigl\Vert F(p) \bigr\Vert ^{2} \\ ={}&\beta_{k} \Vert x_{k}-p \Vert ^{2}+(1- \beta_{k}) \Vert GV_{k}x_{k}-p \Vert ^{2}+\lambda_{k}\tau ^{-1} \bigl\Vert F(p) \bigr\Vert ^{2}, \end{aligned}$$ \end{document}$$ which together with ([44](#Equ44){ref-type=""}) implies that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert x_{k+1}-p \Vert ^{2} \leq{}& \beta_{k} \Vert x_{k}-p \Vert ^{2}+(1- \beta_{k})\bigl[ \Vert x_{k}-p \Vert ^{2}-2\mu \bigl(\beta-\kappa ^{2}\mu\bigr) \Vert Bz_{k}-Bp \Vert ^{2} \\ &{}-2\lambda\bigl(\alpha-\kappa^{2}\lambda\bigr) \Vert Au_{k}-Aq \Vert ^{2}\bigr]+\lambda_{k}\tau ^{-1} \bigl\Vert F(p) \bigr\Vert ^{2} \\ ={}& \Vert x_{k}-p \Vert ^{2}-2(1- \beta_{k})\bigl[\mu\bigl(\beta-\kappa^{2}\mu\bigr) \Vert Bz_{k}-Bp \Vert ^{2} \\ &{}+\lambda\bigl(\alpha-\kappa^{2}\lambda\bigr) \Vert Au_{k}-Aq \Vert ^{2}\bigr]+\lambda_{k}\tau ^{-1} \bigl\Vert F(p) \bigr\Vert ^{2}. \end{aligned}$$ \end{document}$$ So, it follows that $$\documentclass[12pt]{minimal}
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